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ABSTRACT A method is described for using molecular mechanics to calculate in a unified manner, from 
transferable conformational energy functions, the packing parameters and energy, vibrational dispersion curves, 
heat capacity and thermodynamic functions, elastic constants, and refractive indices of polymer crystals. The 
inter- and intramolecular conformational energies are simultaneously minimized. This allows assessment 
of the effect of packing forces on the polymer helix parameters and the intramolecular geometry. In addition, 
the converged Newton-Raphson coefficient matrix used in minimization allows convenient vibrational analysis 
and calculation of the elastic constants of the crystal. 

Molecular mechanics calculations have proven very 
useful in accounting for the conformational energetics and 
properties of polymer molecules. The method is based on 
the premise that a molecule can be simulated by empirical 
transferable energy functions that represent bond 
stretching, bending, and twisting as well as more distant 
nonbonded or steric interactions. Electrostatic forces are 
included when appropriate. Stable conformations are 
found as minima in the total energy function. When ap- 
plied to a segment of an isolated polymer molecule, the 
most stable local conformation, when repeated, often can 
be indentified as the conformation of the helix obtaining 
in the crystalline state. The molecular mechanics calcu- 
lations on a variety of local conformations often can be 
summarized by association of local conformations with 
structurally motivated energy parameters (e.g., gauche 
trans energy differences, four-bond pentane interferences, 
etc.). These parameters then lead to statistical weight 
matrices that may be utilized as input to statistical cal- 
culations of the average properties of disordered long 
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chains.' This process has reached a high state of devel- 
opment and had many successes. In bulk systems, defects 
and energy paths for molecular motion in polymer crystals 
have been successfully described via conformational energy 
calculations.24 

There has also been interest in predicting the packing 
and structure of polymer crystals.5@ It is this subject that 
is the concern of the present work. Most past effort in this 
area has proceeded via a reasonable two-step process. A 
conformation of the polymer helix is adopted. It is de- 
termined either from molecular mechanics calculations on 
the isolated molecule or from other sources. Then the 
packing is analyzed by assembling the polymer helices, 
assuming no further change in conformation. Thus, in- 
termolecular nonbonded and polar energy functions are 
the only participants in the total energy function optim- 
ized. In the present work we generalize the packing 
analysis by describing a method where both the intra- 
molecular and intermolecular degrees of freedom are 
permitted to participate simultaneously in the optimiza- 
tion. The motivation for this is twofold. First, although 
the rigid molecule analysis is no doubt viable in numerous 
cases, there are also important ones known where there 
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are important distortions of the intramolecular geometry 
occasioned by the packing forces. As an example, Kusanagi 
et aL7 treated the case of poly(ethy1ene oxybenzoate) and 
found that a calculated isolated chain structure was far 
from one allowing solution of the X-ray structure. They 
introduced a step of minimizing the packing energy with 
chain torsional angles included and were able to solve the 
X-ray structure. The packing forces can be sufficient to 
lead to polymorphism as a result of intramolecular dis- 
tortions. An important such case, that of polyoxy- 
methylene, is analyzed in the companion paper. Our 
second reason for undertaking the implementation of this 
procedure is based on the desire to be able to calculate a 
variety of useful crystal properties in accompaniment with 
the packing prediction. These properties include vibra- 
tional analysis to determine dispersion curves, infrared and 
Raman spectra and thermodynamic functions (heat ca- 
pacity, entropy, enthalpy, and free energy), and calculation 
of elastic constants. These calculations require the par- 
ticipation of all of the internal degrees of freedom in their 
execution. 

It has been demonstrated previously that the Newton- 
Raphson method provides an effective procedure for 
conformational energy minimization with respect to the 
internal degrees of freedom of molecules and that the 
second-derivative coefficient matrix of the converged 
molecule conveniently provides the dynamical matrix for 
input into harmonic vibrational analysis.g We utilize this 
convenience in the present work. In addition, since this 
matrix contains the second derivatives of the crystal energy 
with respect to the cell parameters, it forms the basis for 
elastic constant calculation. Therefore a major task is to 
formulate a Newton-Raphson coefficient matrix that in- 
cludes the crystal packing parameters as well as the mo- 
lecular internal coordinates. The strategy is described in 
the next section. 

Crystal Energy Minimization with Molecular 
Internal Coordinate Participation 

The packing of polymer molecules presupposes the ex- 
istence of an extended rodlike conformation describable 
as a helix. The latter is best represented in terms of 
cylindrical coordinates and by a repeat unit that rotates 
through a helical advance angle, B ,  and a translational 
advance, d, in replicating itself (see Figure 1). In what 
follows, the helix is oriented with respect to a Cartesian 
coordinate system such that the helix axis is along the z 
axis and the first atom of the repeat unit is on the x axis 
at  z = 0. The Cartesian coordinates of the repeat unit in 
this orientation are called the “unrotated coordinates”. 
They are represented by v, a 3N dimensional vector made 
up of vectors v(i), i = 1, N with components u(i),, ~ ( i ) ~ ,  
and ~ ( i ) ~  that are the coordinates of the N atoms of the 
helical repeat unit. The crystal lattice is represented by 
nonorthogonal basis vectors a, b, and c that are oriented 
with c along the Cartesian z axis and with the projection 
of a in the x,y plane along x .  The position vector, xn(i) ,  
of the ith atom in the nth repeat unit along a central chain 
located at x,y = 0 is expressible in terms of v(i), the helical 
advance angle, B,  and translation, d,  as 

(1) x,(i) = R{a,O,)v(i) + T 

where R(a,O,) is a rotation matrix, 

( (n  - 1)u + e,) -sin ( (n  - 1)a + 8, 
( (n  - 1 ) ~  + e,) cos ( (n  - 1)a + e,) 

0 

Figure 1. Schematic depiction of the parameters involved in 
simultaneous inter- and intramolecular energy minimization of 
a polymer crystal. The repeat unit internal coordinates are 
designated by v, the helix advance angle and distance by n and 
d, the chain setting angle by O,, and the lattice parameters by a, 
b, a, P, Y. 

well as the advance angle, B, and where T is the translation 
vector, 

T = [0, 0, (n  - l)dlt 

The position vector, xntk(i), of the ith atom in the nth 
repeat unit in a distant chain, k ,  located at  a’, b’, (c = 0), 
(where the primes on a,b indicate the possibility of frac- 
tional values of a,b in lattices with more than one chain 
per cell) is obtained by adding a lattice translation to eq 
1 and can be expressed as 

(2) 

using the above helix rotation matrix (but with a k sub- 
script on 0, to indicate the possibility of a f dependence 
on k )  and where, in nonorthogonal basis vector lattices, 
the lattice translation can be written as the product of a 
rotation-like matrix R{a,P,yJ, 

X , , k ( i )  = Rb,&(k)W) + Rb,P,TITk 

in which cy, 0, and y are the unit cell angles (y between 
a,  b, etc.) and 
c1 = 

(1 - cos2 a - cos2 p - cos2 y + 2 cos a cos p cos y)1/2 

c2 = cos y - cos a cos p 
and a translation vector Tk, 

Tk = [Aka,  Bkb, (n  - l)dIt 

in which Ak, Bk are appropriate (possibly nonintegral) 
multiples of a and b required to place the chain at  a’, b’. 
The helix d translation in eq 1 has been absorbed into Tk. 
A chain translational offset along c, = ZO(k), a possibility 
when more than one chain per cell is present, can be in- 
corporated as a parameter into each u,(i) as u,(i) + ZO(k). 

Since the crystal energy is expressed as a function of the 
position vectors xn,Ji), it follows that the independent basis 
parameters to be optimized in energy minimization are the 
unrotated repeat unit coordinates, u, the helix parameters, 
B and d,  a chain setting angle, O,, chain c-axis offset, Z,, 
and the lattice parameters, a,  b, a, P, y. We collect the 
basis parameters into a vector, P, 

that is a function of a possible chain setting angle, O,, as p = [v, 0 9  d, 6 x 9  2 0 ,  a,  b, a, P, TIt (3) 
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In the Newton-Raphson method the energy is expressed 
as a quadratic function of the parameter displacements. 
In molecular mechanics the explicit energy functions are 
expressed in terms of “valence Coordinates” that are two- 
center interatom distances, r, three-center valence angles, 
8, four-center torsional angles, 4, etc. These functions are 
easily expanded as quadratics in r,  8, 4, but then trans- 
formations to the basis parameters must be provided. This 
proceeds as follows. Let q,q’ be generalized valence co- 
ordinates expressing an interaction between a set of atoms 
i, j ,  k ,  ... and a set i’, j’, k‘, ... Then the explicit interaction 
energy expression, U(q,q’), may be expanded, 

u(q,q? = vo(q,q? + au/aqAq + a V / a q w +  
yzxa*u/aqaq’AqAq’ + I.. (4) 

As an example, in the case of a simple bond stretching 
function, where U = 1/2k(rij  - Roij)2, q,q’ = r i j  and 

U, = W(roi j )  + k(roij - Roij)Arjj + l / ,kArir  

The coordinate q is then transformed to the Cartesian 
basis, x. Let 

be the vector containing the first derivatives of q with 
respect to the Cartesian coordinate, x(s), let D2(s,s? be the 
3 X 3 matrix of second derivatives of q with respect to x,, 
y8, zstxd, yd, zd and let Ax(s) be the vector = [Ax,, AY,, Azslt. 
Then 
Aq = 

C,=ij ,k ,  ...Dl(s)Ax(s) + l/zC,,~A~(s)~D2(s,s?A~(s? + ..* 
(5) 

Use of eq 5 in eq 4 then expresses a potential energy in- 
teraction term as a quadratic in Cartesian coordinates, 
Ax(s). It  remains to transform the Ax(s) coordinates to 
the basis parameter set as 

Axa(s) = BIAP + ‘/APtB2AP + ... (6) 

where Ax“(s) is a component, a = x, y, z ,  of Ax(s), B, is 
the vector of first derivatives of xa(s )  with respect to the 
basis parameters in P (eq 3), B2 is the matrix of second 
derivatives and from eq 3, 

AP = [Av, ACT, Ad, A$,, AZO, Aa, Ab, Aa, A@, A71t 

Substitution of eq 6 into eq 5 and then eq 5 into eq 4 
results in a quadratic expansion in terms of the inde- 
pendent basis parameters for a single potential energy 
interaction expression. When this process is repeated for 
all the potential energy terms considered and the results 
accumulated, a quadratic expression for the total energy 
is obtained that may be expressed as 

(7) 

where all of the first-order terms are accumulated into A 
and the second-order ones into C. The condition for sta- 
tionary energy, 6U = 0, since the elements of AP are in- 
dependent, leads, on differentiation of U with respect to 
each of the parameters in AP and setting the result equal 
to zero, to a set of linear algebraic equations 

CAP = -A (8) 

On solving the A P  the parameters may be updated P’ = 
P + AP and the process repeated until convergence, A - 
0, A P  - 0. 

It is appropriate to comment on some considerations in 
implementing these equations in practice. The total energy 

U = vo + AAP + ‘/AP‘CAP + ... 

should be a sum over sufficient potential energy interac- 
tions to represent the energy of the crystal. Because of 
the lattice periodicity only the interactions within a suit- 
ably chosen reference unit and between the reference unit 
and external units need be considered. The reference unit 
at  the maximum is the unit cell but could be a smaller if 
a crystal symmetry operation permitted. The energy per 
reference unit is thus regarded as the total energy 

u = C’U(P.,q? (9) 
where E’ indicates the above type of summation. It is very 
convenient to divide the summation in eq 9 into terms 
internal to the reference unit and those external. All of 
the intramolecular valence coordinate contributions (bond 
stretching (r) ,  bending (e ) ,  torsion (4)) will lie in the in- 
ternal sum and the external one will contain only two- 
center, r-type atom-atom interactions. Thus, 

where the sum E” is over the valence interactions internal 
to the reference unit (including the internal nonbonded 
interactions) and the external (“ext”) interaction sum over 
i is over the reference unit atoms and j over external atoms. 

In terms of computer coding, the transformation de- 
rivatives D,, D2, eq 5, and B,, B2, eq 6, are the program- 
ming intensive parts. However, the task is somewhat 
simplified by the fact that in the first sum above, E”, 
where the D, and D2 transformations are fairly compli- 
cated, the accompanying B1 and B2 transformations are 
truncated in that the lattice parameters (a, b, a, 0, y) do 
not appear. In the second sum, Cij, the D1 and D2 
transformations are simplified since r is the only type of 
valence coordinate to appear. This is the result of the 
nonbonded functions or Coulombic interactions being 
functions of r only. Formulas for the elements of D1 for 
valence coordinates for two-center interatom distances, r, 
three-center valence angles, 8, four center torsional angles, 
4, and a four-center out-of-plane bending, 6, have previ- 
ously been presented as have formulas of D2 for r.8 For 
the other valence coordinates, D2 is calculated by nu- 
merical differentiation from D1. The list of formulas for 
the elements of both B1 and B2 is quite extensive but one 
may be found in the Ph.D. Dissertation of R.A.Sg 

Generation of Starting Structures. As the New- 
ton-Raphson method is an iterative one, a trial structure 
must be generated and discussion of this task is appro- 
priate. This involves setting up a trial helix and a trial 
packing grid. The latter is straightforward as an operation 
and requires little elaboration in that sense. However, from 
a computational result point of view it is very important, 
as the choice of grid and starting lattice parameters may 
greatly influence the structure obtained. That is to say, 
it is very probable that a number of packing arrangements 
are possible and lead to energy minima. The number and 
choices of starting packings will obviously greatly influence 
the number and nature of optimized structures obtained. 

Setting up a trial helix does require elaboration from the 
operational point of view as there are two ways to approach 
it. The first is more directly connected to the formalism 
of energy minimization above but is less directly connected 
with the useful and familiar conformational and structural 
concepts already developed. That is, it is possible to start 
by defining a helix in terms of the advance angle and 
distance a and d values and then to construct the atom 
coordinates v by geometric constructions based on stand- 
ard bond lengths and valence angles. For example, poly- 
ethylene can be generated by CJ = 180°, d = 1.27 A, v(C) 
= (0.866, 0.0, O.O), and v(Hl) and v(H2) generated by 
geometric construction. 
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The above is not always a convenient approach. Another 
useful method is to generate the starting helix in terms of 
the internal torsional angles of the repeat unit and derive 
the helix Q and d values from this information. Thus 
polyethylene is described as having a skeletal torsional 
angle of q5 = BOo, valence angle O = 1 1 2 O ,  bond length R 
= 1.54 A, and the hydrogens placed by geometric con- 
struction. The helix Q and d values are then computed. 
A general method for deriving helix parameters from the 
coordinates of an arbitrary repeat unit has been given by 
Sugeta and Miyazawa'O and the relation between helix 
parameters and internal coordinates is also discussed by 
Tadokoro." In practice, we can construct the repeat unit 
using a general structure-building method12 that uses 
structural valence information as input and gives Cartesian 
coordinates as output. In addition to the minimum atoms 
in the repeat unit, three extra skeletal atoms are included 
as well. These are necessary to define the skeleton of the 
helix. In polyethylene, for example, there is only one 
skeletal atom in the repeat unit, but four are required to 
define the torsional angle, three to define the valence angle, 
and two for the bond distance. The three extra atoms 
serve this purpose. From the Cartesian coordinates of the 
repeat unit plus the three extra atoms, a transformation 
to the helical coordinate system (v, u, d )  is computed by 
a modification of the Sugeta and Miyazawa method.'O 
Further details may be found in the Ph.D. dissertation of 
R.A.S.g 

Vibrational Analysis 
In order to analyze the vibrations we use the converged 

quadratic energy where the linear terms now vanish. In 
order to introduce the phase differences for the periodic 
lattice it is necessary to work with the individual Cartesian 
displacements (eq 1 and 2). When, on convergence of the 
Newton-Raphson iteration process, eq 5 is substituted into 
eq 4 the result for the total energylreference unit in 
Cartesian basis may be summarized by 

U = f/zCi=I~CjC,Bax.(i)g~'B(ij)AxG)B (11) 

where Ax%), AxG)fl are the a, p, = x ,  y, z components of 
(vibrational) displacements of atoms i, j and g"%,j) are 
the elements of the matrix resulting from the above sub- 
stitution. The summation over i is over the N atoms in 
the reference unit and that over j is unrestricted. The 
equation of motion of the atom i in the reference unit is 

(12) 

In the usual manner we let the displacement of atom j 
differ from its counterpart, j ', in the reference cell, by a 
cell-dependent phase and write solutions to eq 12 as 

A-pG) = Axa,,('j ?ei*(wt-W (13) 
where Axa0G) is a displacement amplitude, k, is a wave 
vector 

k = k,; + h z  + h c i  

-miAP( i )  = CjC,@@(i,j) Ax G)@ 

and 6 the phase shift 
6 = 6,; + 6; + 6$ 

From the equation of motion of atom, i, there results 

miw2Axao(i) = 2 CGasB(ij?AxBoO") (14) 
j'=lJv' p 

where 
G d ( i j  9 = Cg*tB(i,j)e-i*W) 

k 

and the sum over j equivalent to j '  to distant cells is now 
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expressed as a sum over k. The sum over atom j '  is re- 
stricted to the reference cell. The above equations can 
then be reduced by standard methods to the eigenvalues 
and vectors as functions of the phases, 6,, f i b ,  6,. 

The dispersion curves that result from the above can be 
sampled at appropriate intervals in b,, &, 6, to construct 
a vibrational partition function from which the thermo- 
dynamic functions can be calculated. Three-dimensional 
dispersion curves, as opposed to a single-chain dispersion 
curve, are essential in obtaining a representation of the 
low-frequency lattice vibrations that in turn permits an 
accurate low-temperature heat capacity to  be calculated. 

Elastic Constants 
The elastic constants are the second derivatives of the 

energy (per unit volume) with respect to the lattice strains. 
The converged energy of the lattice has been expressed (eq 
7, A = 0) as quadratic in the basis parameters, AP. 
However, because there are more parameters in P than the 
six strains, the elements of eq 7 are not directly the elastic 
constants. Another complication is that strains are con- 
ventionally cast as Cartesian strains. However, the pa- 
rameter list contains the lattice parameters, Aa, Ab, Ad, 
Aa, A@, Ay. These are strains (a ,  b, d scaled by ao, bo, do) 
only in the orthorhombic, tetragonal, and cubic crystal 
systems. Thus two tasks are required, elimination of the 
extra parameters in P and the transformation of the re- 
sultant energy quadratic to a Cartesian system. 

Elimination of Internal Parameters. Let the pa- 
rameter vector, eq 3, be divided into two parts. One 
containing the six lattice parameters a,  b, d ,  a,  p, y has 
elements subscripted 1 or k, the rest of the parameters are 
subscripted m or n. Thus AP is partitioned as APk = API 
= A[a, b, d ,  a, p, y] and AP, = AP, = A[Q, O x ,  Z,, V I .  The 
energy, eq 7, when partitioned this way is 

= 1 / 2 C k , l c k , l u k u l  + C k 7 m c k , m A P k f l m  + 
f/,Cm,nCm,n~mAPn (15) 

The extra parameters are eliminated by requiring the en- 
ergy to be stationary with respect to internal parameters, 
AI',, for arbitrary variations in lattice parameters, h p k .  
Differentiating eq 15 with respect to one of the internal 
parameters, AP,, and setting the result to zero give 

a U / a A f "  = C1Cm,lfll + CnCm,nAPn = 0 (16) 
Requiring the above condition for arbitrary AP1=, leads 
to a s& of simultaneous equations over m, n = u, O x ,  Zo, 
v, 

(17) 
that may be solved for the derivatives of the dependent 
internal parameters, APn, with respect to the independent 
lattice parameter, AP,, i.e., AP,laAPL. Repeating this 
process for L = 1 , 6  results in all of the derivatives of the 
dependent internal parameters with respect to the lattice 
parameters. The second derivatives of the energy with 
respect to the lattice parameters are, from eq 15, 
a2U/dApkaApl = Ck,l+ C,,Ck,,aAP,/daP~ + 

Cm, + C,C,,naAl',/aAPL = 0 

nc1 , , d u n  / a @k + 
Cm,,C,,,(dhP,/dhPk)(a~,/ahPi) (18) 

Since the derivatives of the internal parameters with re- 
spect to the lattice parameters that appear on the right- 
hand side of eq 18 are known through the above process, 
the desired second derivatives of the energy with respect 
to lattice parameters are now known. 

Transformation of the Energy Derivatives to a 
Cartesian Basis. The transformation proceeds from 
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expressing the Cartesian system in terms of the crystal- 
lographic system. First the following definitions are made: 
A =  

(1 - cos2 a - cos2 p - cos2 y + 2 cos cy cos p cos y)'/2 
(19a) 

B ,  = cos a - cos p cos y (19b) 
Bz = COS - COS CY COS (19c) 

B3 = COS - COS 01 COS p (19d) 

(20a) 

y = kbbA/sin p (20b) 

(20c) 
Displacements Ax, Ay,  Az may be found in terms of Aa, 
Ab, Ad, Aa,  AB, Ay by differentiating eq 20. Then k,,  k,,, 
kd may be eliminated from the result in favor of x, y, z by 
solving eq 20 for the former in terms of the latter. The 
result of these two operations gives 
u Ax = ( x  - y B 3 / A ) A a / a  + y ( B , / A ) A b / b  + 

In the axes orientation described earlier, 
x = k,a sin 0 + kbbB3/sin p 

z = k,a COS + kbb COS CY + kdd 

y(sin a cos P/A)Acr + [ x  cos p/sin p + y(B1 - 
B3 cos @ ) / ( A  sin @)]A@ - y(sin y / A ) A y  (2la) 

y [ ( B 2  sin @ / A 2 )  - cos @/sin b]Ap + y ( B ,  sin y / A 2 ) A y  
(21b) 

u ~ A y =  y A b / b  + y ( B 1  sin cy/A2)Aa + 

w E Az = (x - yB, /A)(cos  p/sin @ ) A a / a  + 
(y sin p cos a / A ) A b / b  + [ z  - x cos p/sin /3 + 

yB3  cos @ / ( A  sin p) - (y sin cos a / A ) ] A d / d  - 
(x - y B 3 / A ) A p  - (y sin a sin P/A)Acy (21c) 

The strains arranged as the six components of the vector 
e may now be found as 

e, = du/dx  = A a / a  + (cos @/sin p)Ap  (22a) 

(B2 sin p/A2 - cos @/sin p)Ap + (B3 sin y / A 2 ) A y  
(22b) 

(22c) 

X 
cos cy /A)JAd /d  + ( B 3 / A ) A p  - (sin cy sin p/A)Acy 

(224 

(cos @/sin p ) A a / a  - (cos P/sin @ ) A d / d  - A0 (22e) 

e2 = av /ay  = A b / b  + (B, sin a / A 2 ) A a  + 

E3 = aw/az  = a d / d  

E* = aw/ay  + dv/az  = -(COS p/sin P)(B,/A)Aa/a + 
(sin /3 cos a / A ) A b / b  + [(cos @/sin P ) ( B 3 / A )  - (sin 

t5 = au /az  + a q a x  = 

= a u / a y  + av/ax  = 
- (B3 /A)Aa /a  + (B , /A )Ab /b  + (sin a cos p / A ) A a  + 

(B ,  - cos @ & ) / ( A  sin p)Ap - (sin y / A ) A y  (22f) 

Equation 22 thus provides the elements of a 6 X 6 matrix, 
T I ,  that transforms the lattice parameter vector, AP, = 
A[a,b,d,a,p,y], to the strains, t, 

e = TlAPl (23) 
If we let the energy derivatives in eq 18 be represented by 
a matrix, CL,  with elements 

cL(k,i) = a2u/aApkaAp1 

the energy is 
U = '/APtCLAPI 

Since the elastic constant matrix, C,, represents the energy 
(per reference unit volume, Vo) in terms of the strains, 6 ,  

u/v, = l/ZetCet 

we need the inverse of the transformation above (eq 23), 
or T ,  = Tr' ,  in order to find the elastic constants, 

Ce = ( T e t C ~ T e )  / Vo (24) 

The elements of T ,  = TI-' = t ,  found from TI are given 
below: 

t12 = 0 
t15 = cos P sin /3 

tll  = sin2 p 

t,, = 0 

t 1 3  = cos2 p 

t 1 6  = 0 
t,, = B3'/sin2 p tl, = A2/sin2 p t23 = cos2 a 

tZ4  = A cos cy/sin tZ5 = B, cos a/sin p 
t26 = AB,/sin2 

t 3 ,  = 0 t 3 2  = 0 t 3 3  = 1 

t34 = 0 t 3 5  = 0 t 36  = 0 

t41 = B32 cos cy/(sin cy sin2 0) 
t42  = A' cos cy/(sin cy sin2 p) t4, = -sin cy cos cy 

t4,  = -A sin cy/sin p t q j  = -B3 sin cy/sin p 
t46 = AB, cos cy/(sin cy sin2 p)  

t,, = cos p sin t5, = 0 t,, = -cos sin p 
t5, = O tj5 = -sin2 p t j g  = O 

tgl  = A3/(sin p sin y)[-B3 sin P/A + cos cy cos3 P/ (A 
sin 0) - (B1/A){B3 cos a / ( A 2  sin p) - cos p/sin p) - 
B2 cos y cos P sin p/A3 + BIZ  cos cy cos p/(A3 sin p) ]  

t 6 2  = A 2  cos ?/(sin2 p sin y) 

t 6 3  = (-Bl cos p - B2 cos a)/sin y 

ts4 = -(A3 cos p - ABlB3)/(sin3 

t 6 5  = -(I?, sin2 

t 6 6  = -A(A2 + B,  cos cy)/(sin2 

sin y)  

+ B2B3)/(sin p sin y)  

sin y)  

Compressibility for Heat Capacity Correction. The 
molecular mechanics energy minimization results in a fixed 
volume structure and the heat capacity obtained from 
vibrational analysis is at constant volume. If the standard 
thermodynamic formulation for computing C, from C, by 
utilizing the isothermal compressibility and thermal ex- 
pansion is invoked, we point out that the compressibility 
is available from the methods discussed here. As developed 
above, the elastic constant matrix, C,, is available. The 
latter can be inverted to the compliance matrix, S ,  where 
the stresses, arranged as a vector, are u and t = Su. The 
sum of the tensile strains under uniform applied tensile 
stress gives the fractional change in volume under applied 
pressure, or, since ull = uZ2 = u3, = -9, 
0, = - ( a v / p ) / v  = - (e l l  + € 2 2  + e33)/* = x:lj=1,3sq 

(25) 

Electrostatics and Polar Bond Energetics 
The treatment of electrostatics and polarity utilized in 

our methodology requires some special comments. We 
have advocated representing electrostatic and polar effects 
via bond-centered dipoles and polarizability centers.13 The 
dipoles can thus interact with each other via mutual in- 
duction. Since this is a microscopic calculation of the 
induced polarization and internal field, no assumption 
about an "effective" macroscopic dielectric constant me- 
diating the interaction between distant dipoles is required. 
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The method has been applied to isolated molecule~l~’~  and 
more recently to the calculation of the high-frequency 
dielectric constant or refractive index of polymer crystals.16 
In the latter case, the utilization of the lattice periodicity 
and the evaluation of the resulting lattice sums in calcu- 
lating the internal field was discussed and a procedure for 
it developed. This procedure for determining the internal 
field is followed here and does not need great elaboration. 
However, in the previous work the response to an external 
field only was considered and no treatment of the elec- 
trostatic energy of interaction between polar bonds was 
given. The opportunity is taken here to describe evalua- 
tion of the electrostatic energy contribution to the crystal 
energy on the basis of the mutual induction model. 

In the case of an applied static field, EO, with compo- 
nents Eo,, EO,,, Eo, it was shown previous1y“j (eq 11, of ref 
16) that the internal field component, Ep(m) in the di- 
rection, p = x ,  y, z at bond m, is given by 

Ep(m) = @j&, + 47Fv-1CkC1C ,Lp,l(m,k)a,,,(k)E,(k) 
(26) 

where V is the unit cell volume, E,&) is the q = x ,  y, z 
component of the field at a another bond, k ,  and al, ( k )  
is the 1, q = x ,  y, z component of the bond polarizabiity 
tensor at bond k. The summation over k is over the bonds 
in one cell. The Lorentz tensor, L , [ ( m , k )  is evaluated by 
the methods described by Colpa.17J8 In the extension 
considered here, where there is no applied field EOj but 
where there is a permanent dipole moment, P O @ ) ,  located 
at  each polarizability center, each term C , ~ u ~ , ~ ( k ) E , ( k )  is 
replaced by pol(k)  + Cqal,,(k)E,(k). This follows because 
a total moment is the sum of the induced plus permanent. 
Thus, the internal field in the absence of an external field 
is 

Ep(m) = 47~V-~CkC1C$J,,l(m,K)a,,(iz)E,(k) + 
47~V-’CkCc,,l(m,K)c~’l(lz) (27) 

where k is summed over the bonds in a cell and p ,  q = x ,  
y, z. Equation 27 with m varying over the bonds in a cell 
forms a complete set of linear algebraic equations for the 
field components, Ep(m),  which may be solved simulta- 
neously. With the internal field, Ep(m),  now known the 
electrostatic energy of the lattice may now be calculated. 
This is computed as 

UES = -7~C,Cppop(m)Ep(m) (28) 

This expression results from the conceptual process of 
placing real charges by charging all the bonds uniformly 
by pop(m) dX from X = 0-1, with the field responding in 
proportion to A. Notice that only the permanent moment, 
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pot appears in the energy expression and not the total 
moment, permanent and induced. 

Because of the cooperative nature of the interactions 
between the induced moments as expressed in eq 27, the 
mutual induction model does not lend itself to direct in- 
clusion of the electostatic energy, eq 28, as part of the total 
energy in the energy minimization process. We have cir- 
cumvented this difficulty in previous work13-15 by the 
following method. The electrostatic dipole energy can 
make a significant contribution to the total energy and it 
is important to include it on the basis of a physically re- 
alistic model. However, its role in determining geometry 
is relatively minor. The electrostatic forces are “soft” in 
competition with the “harder” intramolecular valence bond 
stretching, bending, and twisting forces and with the in- 
termolecular nonbonded forces. The geometry of con- 
formation and packing is largely determined by these 
nonelectrostatic forces. Thus we simulate the electrical 
forces during minimization by atom-centered fixed charges 
but calculate the electrostatic contribution to the total 
energy after minimization using the mutual induction 
model. The fixed charges are parameterized, as are the 
mutual induction model parameters, to fit dipole moment 
data on model compounds. 
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